Abstract. Explicit formulae are obtained for the cyclotomic numbers of order 15.
1. Introduction and Notation. Let p = 15/ + 1 be a prime, so that / is even. Let g be a fixed primitive root of p. The index of k # 0 (modp), written indk, is the unique integer m such that k = gm (modp), 0 < m < p -2. For integers i and j (0 < i, j < 14) the cyclotomic number (i,j)X5 of order 15 is defined to be the number of integers A:(2<A:</>-l) which satisfy (1.1) ind(Â:-1) = /(modl5), indÂ: =y (modl5).
The purpose of this paper is to give explicit formulae for the cyclotomic numbers of order 15. Formulae for the cyclotomic numbers of orders 2, 3, 4, 5, 6 [4] ; 7 [11] ; 8
[10]; 9 [2] ; 10 [18]; 11 [12] ; 12 [19] ; 14 [13] ; 16 [17] , [6] ; 18 [2] ; 20 [15] ; 24 [7] , are already known.
Closely related to the cyclotomic numbers (h, k)X5 are the Jacobi sums JX5(ßm, ß") of order 15, defined for integers m and n by p-\ where ß = exp(2mi/15). The basic properties of these sums are given in Section 2. The study of the Jacobi sums of order 15 was begun by L. E. Dickson [5] in 1935 and completed by J. B. Muskat [14] in 1968.
In this paper we use Dickson's and Muskat's evaluations of the Jacobi sums of order 15 (see Sections 3 and 4) (1.8) p = a2 + 3b2, a = -l{mod3);
(1.9) p = c2 + 15d2, c=-l(mod3);
' p = x2 + 5u2 + 5v2 + 5w2, (1.10)
We remark that a is determined uniquely by (1.8); c is determined uniquely by (1.9); and x is determined uniquely by (1.10) (see [16, p. 17] ).
For example, when p = 61, g = 2, we have a = -1, b = 2, c=-l, d=-2, x = 4, u = 2, v = 2, w = -1, b0 = -3, bx = l, b2 = 4, T>3 = -6, b4 = 5, b5 = -3, b6 = -4, bn = 11.
We conclude this section by remarking that all the computations for this paper were carried out on a Digital Professional 350 microcomputer. The authors would like to thank David Conibear for his help in running the programs.
2. Basic Properties of Jacobi and Gauss Sums. The Jacobi sums Jxi(ßm,ß") have the following well-known properties (see, for example, [14, pp. 483-484] ): Proof. Clearly (3.10), (3.12), (3.13), (3.14) follow from (2.7) and (3.5), (3.3), (3.2), (3.1), respectively.
Next, from the Davenport-Hasse identity, we have is defined in Theorem 1.
Proof. We begin by examining ßwind2JX5(ß5,ßs). Clearly, this quantity is of the form B0 + Bxß5, where B0 and Bx are integers. We show that Bx is always even. We set 03 = ß5 = |(-1 + /-3~") and consider three cases according to the value of ind 2 modulo 3. so that p = a2 + 3b2. Cubing (4.8), and using (2.4), we obtain a = a3 = (a + bf^f = Jx5(ß5,ß5f =/15(l,l) = -l(mod3).
This completes the proof of (1.8).
We next determine Jxs(ß3, ß3). Appealing to [9, p. 345] we have (4.9) JlAß3,ß') = ß-6md2t tß3',
where t0, tx, t2, f3, t4 are integers such that which is (1.6).
Next we evaluate Jx5(ß, ß3). We have
(by (2. This completes the proof of (4.4). The relationship between JX5(ß,ß3) and Jx5(ß3,ß3) was obtained by Dickson [5, p. 198 ].
Next we show that ßmnd5Jxs(ß,ß4) is an element of Q(f:15).
To do this we must show that it is invariant under a2. We have
(by Theorem 1)
Gis(/?5) = y810indV15(yS,)S4).
As observed by Muskat [14, p. 497] , this invariance property follows from the work of Dickson [5, Section 14] . Hence ßWmd5Jxs(ß, ß4) is an integer of Ô(/-Ï5~) and so there are rational integers r and ^ of the same parity such that ß10md5Jxs(ß,ß4) = \(r + i/-15 ). From (2.2) we obtain p = \(r2 + 15s2). Clearly r and s cannot both be odd, so there are integers c and d such that r = 2c, s = 2d, p = c2 + 15d2, and ß10md5Jxs(ß, ß4) = c + dfÄ5. This completes the proof of (4.5). The equation (4.5) was give by Muskat in [14, p. 498] . Cubing (4.5), we obtain
This completes the proof of (1.9). Next we show that (4.15) JiAß'ß2) = eß3md3-^d%,(ß,ß4).
By (2.8) we have
Jis(ß,ß2) _ GX5(ß2)GXi(ßs) (4'16) Jis(ß,ß4) Gx5(ß3)Gx5(ß4)-Appealing to Theorem 1, the right-hand side of (4.16) reduces to 0ß3ind3-5ind5i which proves (4.15). The equation (4.3) then follows from (4.5) and (4.15) .
Finally, we show that (4.17) Asiß'ß5) = 6ß6™d3-5M5Jx5(ß,ß).
By (2.8) and Theorem 1 we have
This relationship is given in Dickson [5, p. 199] . This completes the proof of Theorem 2,&sJx5(ß,ß) can obviously be expressed in the form (4.2), 1, ß ; \a = 2c(mod5) i/i # 0 (mod5).
Finally we apply the method once more to obtain ind 18 (mod 5). The relationships between the cyclotomic numbers are exhibited in the matrix near the end of this section, in which (A, k)X5 is in row A (0 < A < 14) and column k (0 < k < 14).
In order to determine explicit formulae for the cyclotomic numbers in (6.2), we express each cyclotomic number in terms of the Dickson-Hurwitz sums Bx5(i, v) and then appeal to the formulae for these sums derived in Section 5. These calculations were performed on a Digital Professional 350 microcomputer.
The formula used to express the cyclotomic numbers in terms of the DicksonHurwitz sums is given in Theorem 6 below. This formula is the special case e = 15, x = 3, y = 5, q -p of Theorem 7 in [8] , simplified using (5.7). We use the formula for (1, 8)15 given in Table 12 , as replacing g by gm, where (m, p -1) = 1 and m = 11 (mod 15), in the parameters specifying Table 12 were calculated for 150 pairs (p,g), where p is a prime congruent to 1 modulo 15 in the range 31 < p < 5581 and g is a primitive root modulo p. For each pair (p, g) a cyclotomic number was chosen at random and its value calculated from the appropriate table. The resulting value was then compared with the value of the cyclotomic number computed directly. In every case the two values agreed.
For example, using the values of a, b, c, d. x, u, v, w, b0, bx,...,by given in Section 1 for p = 61, g = 2 in Table 50 , we find that of the 46 cyclotomic numbers listed in (6.2) only the following are nonzero: 
